Unit-1:Determinants & Matrix

Introduction and Examples

DEFINITION: A matrix is defined as an ordered rectangular array of
numbers. They can be used to represent systems of linear equations, as

1 2 3
2 0 -5
3 -5 &

will be explained below.Here are a example



Square

A square matrix has the same number of rows as columns.

2 O
1 8

A square matrix (2 rows, 2 columns)

6 4 24
1 -9 8
3 0 7

Also a square matrix (3 rows, 3 columns)

ldentity Matrix

An Identity Matrix has 1s on the main diagonal and Os
everywhere else:

1 O

|l =10 1
O O

A 3x3 ldentity Matrix

o
o
1

e It is square (same number of rows as columns)
e |t can be large or small (2x2, 100x100, ... whatever)

e Its symbol is the capital letter |



It is the matrix equivalent of the number "1", when we
multiply with it the original is unchanged:

AxXl|=A
| x A=A

Diagonal Matrix

A diagonal matrix has zero anywhere not on the main
diagonal:

O ON
o 0 O

0
0
1
A diagonal matrix

Scalar Matrix

A scalar matrix has all main diagonal entries the same,
with zero everywhere else:



Triangular Matrix

Lower triangular is when all entries above the main
diagonal are zero:

°©o 0 0
2 1 0
7 6 -3
A lower triangular matrix

Upper triangular is when all entries below the main
diagonal are zero:

2 -2 7
0 4 11
0 0 5

An upper triangular matrix

Zero Matrix (Null Matrix)

Zeros just everywhere:

0O 0 O
0 0 O
0 0 O

Zero matrix



Matrix Addition and Subtraction

DEFINITION: Two matrices A and B can be added or subtracted if and
only if their dimensions are the same (i.e. both matrices have the same
number of rows and columns. Take:

1 2 3 2 1 2
A= and B=
[1 ] 2] [1 ] 3]

Addition

If A and B above are matrices of the same type then the sum is found by
adding the corresponding elements a; + bj;.

Here is an example of adding A and B together.
123y (21 2)_(3 35
1oz [10o3] |205
Subtraction

If A and B are matrices of the same type then the subtraction is found by
subtracting the corresponding elements a; — b;.

Here is an example of subtracting matrices.

s (T P P

Matrix Multiplication

DEFINITION: When the number of columns of the first matrix is the
same as the number of rows in the second matrix then matrix
multiplication can be performed.

Here is an example of matrix multiplication for two 2x2 matrices.



a bBlfe f _ (ae +bg)  (af +E&)
c dllg A (ee +dg)  (of +dk)

Here is an example of matrix multiplication for two 3x3 matrices.

d e fllm » o (ditem+ fp) (dh+ten+ fiy) (&l +tea+ i)
g h illp g r (gi+thm+ip) (ghthn+ig) (gl+ho+ir)
Note: That AXB is not the same as BxA

a & cfJ Kk .-:’] [(aj+bm+cpj (ak +hn +og) (al +ba+er)

Transpose of Matrices

DEFINITION: The transpose of a matrix is found by exchanging rows for
columns i.e. Matrix A = (a;) and the transpose of A is:

AT = (a;) where j is the column number and i is the row number of matrix
A.

For example, the transpose of a matrix would be:
5 2 3 5 4 8
A=|4 7 1| 4" =]2 7 5
9 31 9

In the case of a square matrix (m = n), the transpose can be used to check
if a matrix is symmetric. For a symmetric matrix A = AT,

1 2 1 2
=4 =
2 3] [2 3

The Determinant of a Matrix

A= =4

DEFINITION: Determinants play an important role in finding the inverse
of a matrix and also in solving systems of linear equations. In the
following we assume we have a square matrix (m = n). The determinant of
a matrix A will be denoted by det(A) or |A|. Firstly the determinant of a
2x2 and 3x3 matrix will be introduced, then the nxn case will be shown.



Determinant of a 2x2 matrix

Assuming A is an arbitrary 2x2 matrix A, where the elements are given
by:
4| Az
d31 23z

then the determinant of a this matrix is as follows:

1
dz1 Ao
Determinant of a 3x3 matrix

det(4) = [4] = = @y T dp

The determinant of a 3x3 matrix is a little more tricky and is found as
follows (for this case assume A is an arbitrary 3x3 matrix A, where the

elements are given below).
1] ¢z 3
A=lay azp axn
3] 3z dEg



then the determinant of a this matrix is as follows:

de ) = |4 -

@ a3
ay dy dp
by dy dg

~4

iy an
ay

4]

ey
by oy

a dy
by o




-2 3 -1
5 -1 4 :-2‘:; ‘21|—5'_38 ;1
4 -8 2

3 -1
= ey

— —2(30) — 5(—2) + 4(11)
— —60 +10 + 44
— —6

Here, we are expanding by the first column. We
can do the expansion by using the first row and
we will get the same result.

The Inverse of a Matrix

DEFINITION: Assuming we have a square matrix A, which is non-
singular (i.e. det(A) does not equal zero), then there exists an nxn matrix
At which is called the inverse of A, such that this property holds:




AA* = A*A =1, where | is the identity matrix.

The inverse of a 2x2 matrix

Take for example a arbitury 2x2 Matrix A whose determinant (ad — bc) 1s
not equal to zero.

A=
)
where a,b,c,d are numbers, The inverse is:
AN d -b
at=? -
e d ad —boc|l-c o«

Inverse Matrix Method

DEFINITION: The inverse matrix method uses the inverse of a matrix to
help solve a system of equations, such like the above Ax = b. By pre-
multiplying both sides of this equation by A* gives:

AlAx =A%
(A Ay = 478
or alternatively

x=A"%

So by calculating the inverse of the matrix and multiplying this by the
vector b we can find the solution to the system of equations directly. And
from earlier we found that the inverse is given by

a1 - e

det( )
From the above it is clear that the existence of a solution depends on the
value of the determinant of A. There are three cases:

1. If the det(A) does not equal zero then solutions exist using



2. If the det(A) is zero and b=0 then the solution will be not be unique or

does not exist.
3. If the det(A) is zero and b=0 then the solution can be x = 0 but as with 2. is

not unique or does not exist.

Looking at two equations we might have that
ax +hy=c

dx+ay =7
Written in matrix form would look like

(0

and by rearranging we would get that the solution would look like

GG ) (]



Cofactors
The 2 x 2 determinant

b2 C2
b3 C3

is called the cofactor of a, for the 3 x 3 determinant:

al bl C1
as by ¢
as bs C3

The cofactor is formed from the elements that are
not in the same row as a; and not in the same

column as a;.

b q
a b, ¢
as by ¢

Similarly, the determinant

bl C1
bs c3

is called the cofactor of a,. It is formed from the
elements not in the same row as a, and not in the
same column as a,.

We continue the pattern for the cofactor of as.



Cramer's Rule to Solve 3 x 3
Systems of Linear Equations

We can solve the general system of equations,
a,x + by + iz =d;
Ao + byy + oz = dy

asx + by + c3z = dj

by using the determinants:

d1 b1 C1
d2 bQ (8)
. d3 b3 C3
TTTTA
ap d1 C1
a d2 (6))
as d3 C3
Y= A
a; b1 d1
as by dy
B as b3 d3
° T A
where
a; b1 C1

N = a- b2 (6))
as b3 C3




Example 4

Solve, using Cramer's Rule:
20 + 3y + 2 =2
—T+2y+3z2= -1

—3x —3y+2=0



— 2(11) + 1(6) — 3(7)




_2=3)+1(6)-3(=7) _21 _,
° T 7 I

Checking solutions:

[112(4) + 3(-3) + 3=20K
[2] —(4) + 2(-3) + 3(3) =-10K
8] -3(4) —3(—3) +3=00K

So the solution is (4, —3, 3).

Rank of a Matrix

The rank of a matrix with m rows and n columns is a number r with the
following properties:

« ris less than or equal to the smallest number out of m and n.
= risequal to the order of the greatest minor of the matrix which is not 0.

Determining the Rank of a Matrix

« We pick an element of the matrix which is not 0.
=  We calculate the order 2 minors which contain that element until we find a

minor which is not 0.

If every order 2 minor is 0, then the rank of the matrix is 1.

If there is any order 2 minor which is not 0, we calculate the order 3
minors which contain the previous minor until we find one which is not 0.



If every order 3 minor is 0, then the rank of the matrix is 2.

If there is any order 3 minor which is not 0, we calculate the order 4
minors until we find one which is not 0.

We keep doing this until we get minors of an order equal to the smallest
number out of the number of rows and the number of columns.

Example



1 2 4
AZ(?, 6 5)

The matrix has 2 rows and 3 columns, so the greatest
possible value of its rank is 2. We pick any element
which is not 0.

1 2 4
3 6 5
We form an order 2 minor containing 1.
1 2 4
3 6 5

We calculate this minor.

1 2
‘3 6 =6—-6=0

We form another order 3 minor containing 1. A =
1 2 4
3 6 5

We calculate this minor.

1 4
‘3 S| =5—-12=-T#0.

The rank is 2.



B =

— =
—
—

We pick an element which is not 0.

1
1
1

ot
e

We calculate order 2 minors containing this element.
1 1 1
1 3 1
: 1 1
1 1 _
1 1= 0 (because it has two equal rows)
Every other order 2 minor is 0 because it's the same as
the others. In this case, the rank of the matrix is 1.

Eigen Values and Eigen Vectors

Eigen vector of a matrix A is a vector represented by a matrix X such that
when X is multiplied with matrix A, then the direction of the resultant
matrix remains same as vector X.

Mathematically, above statement can be represented as:

AX =X



where A is any arbitrary matrix, A are eigen values and X is an eigen
vector corresponding to each eigen value.

Here, we can see that AX is parallel to X. So, X is an eigen vector.

Method to find eigen vectors and eigen values of any square matrix A
We know that,

AX =X
=>AX-AX=0
= (A-A)X=0....(1)
Above condition will be true only if (A — Al) is singular. That means,
JA=Al=0.....(2)

(2) is known as characteristic equation of the matrix.
null

The roots of the characteristic equation are the eigen values of the matrix
A.

Now, to find the eigen vectors, we simply put each eigen value into (1)
and solve it by Gaussian elimination, that is, convert the augmented matrix
(A —AI) = 0 to row echelon form and solve the linear system of equations
thus obtained.

Some important properties of eigen values

Eigen values of real symmetric and hermitian matrices are real

Eigen values of real skew symmetric and skew hermitian matrices are
either pure imaginary or zero

Eigen values of unitary and orthogonal matrices are of unit modulus [A| =1



If M M. A are the eigen values of A, then kA, ki,....... kA, are eigen
values of kA

I[fhde....... An are the eigen values of A, then 1/A4, 1/A........ 1/A, are eigen
values of A*

I[fhde....... An are the eigen values of A, then A, A2-....... A are eigen
values of Ax

null

Eigen values of A = Eigen Values of AT(Transpose)

Sum of Eigen Values = Trace of A (Sum of diagonal elements of A)
Product of Eigen Values = |A|

Maximum number of distinct eigen values of A = Size of A

If A and B are two matrices of same order then, Eigen values of AB =
Eigen values of BA

Note —Eigenvalues and eigenvectors are only for square matrices.

Eigenvectors are by definition nonzero. Eigenvalues may be equal to zero.



EXAMPLE 1: Find the eigenvalues and eigenvectors of the matrix
1 -3 3
A= 3 -5 3 |.
6 —6 4

e In such problems, we first find the eigenvalues of the matrix.

SOLUTION:

FINDING EIGENVALUES

e To do this, we find the values of A\ which satisfy the characteristic equation of the
matrix A, namely those values of A\ for which

det(A — A1) = 0,
where [ is the 3x3 identity matrix.

e Form the matrix A — \[:

1 -3 3 A0 O 1-A -3 3
A-M=]13 -5 3]-10 A0 )= 3 -5—A 3 .
6 —6 4 0 0 A 6 -6 4-A

Notice that this matrix is just equal to A with )\ subtracted from each
entry on the main diagonal.

e Calculate det(A — \I):

1

(=2

HesX 3 3 3 =5-X
“"")I —6 4—)\‘—(—3)\6 -l—/\|+3‘6 —6
= (1=2)((-5=A)4—=A) - (3)(~6)) +3(3(4 — \) — 3 x 6) + 3(3 x (—6) — (=5 — A)6)
= (1=A)(=20+5X—4XA+ A2 + 18) + 3(12 — 3\ — 18) + 3(—18 + 30 + 6))
= (1=A)(=2+ A+ A2) +3(—6 — 3)) + 3(12 + 6))
= —24+A+A2+20—A2 =A% — 18 — 9\ + 36 + 18)
= 16+12) - A%,

det(A — AI)

e Therefore
det(A — M) = =A% + 12\ + 16.

REQUIRED: To find solutions to det(A — AI) = 0 i.e., to solve
AV =122 =16 =0. (1)

* Look for integer valued solutions.



* Such solutions divide the constant term (-16). The list of possible integer
solutions is
$=, =2, =4 =8, %10

* Taking A = 4, we find that 4* — 12.4 - 16 = 0.
* Now factor out A — 4

(A=) +4)+4) = N* = 12)% + 16.

* Solving A? + 4\ + 4 by formula' gives

e E e S E

A
2 2

]

and so A = —2 (a repeated root).

o Therefore, the eigenvalues of A are A = 4, -2, (A = —2 is a repeated root of the
characteristic equation.)

FINDING EIGENVECTORS

o Once the eigenvalues of a matrix (A) have been found, we can find the eigenvectors
by Gaussian Elimination,

e STEP 1: For each eigenvalue A, we have
(A= A)x=0,
where z is the eigenvector associated with eigenvalue A.

e STEP 2: Find x by Gaussian elimination. That is, convert the augmented matrix

()

to row echelon form, and solve the resulting linear system by back substitution,

We find the eigenvectors associated with each of the eigenvalues

e Case 1: \ =1

~ We must find vectors x which satisfy (A — A\ )x = 0.

"To find the roots of a quadratic equation of the form az? + be + ¢ = 0 (with a # 0) first compute
A = b ~ dae, then if A > 0 the roots exist and are equal to = —"7:& and ¢ = =& -



—~ First, form the matrix A —4/:

-3 -3 3
A-4I = 3 -9 3 ].
6 —6 0

— Construct the augmented matrix (A =X 0) and convert it to row echelon

form
-3 33 o\ R _ . $ 3 -1 g% R
3 -93 0| R2 = 3 -9 3 0] R2
6 -6 0 0/ R3 6 -6 0 0/ R3
R2—R2-3x R i 3 =1 0 R1
Bl 10 -12 6 0] R2
0 -12 6 0/ R3
. 1 ¥ =1 @\ R
R-diaxR o 1 —1/2 0] R2
0 -12 6 0/ R3
. 11 -1 0\ Rl
SRR o 1 129 | B2
00 0 0/ R3
10 -1/2 0\ Rl
Raaai 01 -1/2 0 | R2
00 0 0/ R3

— Rewriting this augmented matrix as a linear system gives

Iy — 1/2.‘1‘3 =: ()
T2 — 1/2x3 0

So the eigenvector x is given by:

n=%
(35 -o(})
I3 1

For any real number x3 # 0. Those are the eigenvectors of A associated
with the eigenvalue A = 4.

e Case 2: \ = -2

—~ We seek vectors x for which (A — Al)x = 0.
—~ Form the matrix A — (-2)] = A+ 21

3 -3 3
A+2I=| 3 -3 3 |.
6 -6 6



Now we construct the augmented matrix (A ~ M 0) and convert it to row

echelon form

§ =8 3O RV oo 1 -1 1 0\ RI
3 =3 30| R2 il e 3 =8 3:0 1 R?
6 -6 6 0/ R3 6 -6 6 0/ R3

R2—R2-3x R1 11 -10 R1
PR oo o v RE
0O 0 0 0 R3

When this angmented matrix is rewritten as a linear system, we obtain
ry+ g —23= 0,
s0 the eigenvectors x associated with the eigenvalue A = —2 are given by:

&Try =TIy — &)

X = &ry
ry
Thus
Ly — €Iy | -1
X = Ty =a3| 0 | +axo 1 for any xg, x5 € R\{0}
L'y | 0
are the eigenvectors of A associated with the eigenvalue \ = —2.
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1. Limits —

For a function f ('T ) the limit of the function
at a point X = @ is the value the function

achieves at a point which is very close to
r = Q.

Formally,

Let f (T ) be a function defined over some
interval containing = @, except that it

may not be defined at that point.
We say that, L= 111111- —ra f (LII) if there

is a number O for every number € such that

|f(T) o L‘ < € whenever
0<|z—a|l <9

The concept of limit is explained graphically

in the following image —

https://bcastudyguide.com/unit-2-limit-and-continuity/ 2/16
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Xo-0 Xo+0

As is clear from the above figure, the limit
can be approached from either sides of the
number line i.e. the limit can be defined in
terms of a number less that @ or in terms of a
number greater than @. Using this criteria
there are two types of limits —

Left Hand Limit — If the limit is defined in

https://bcastudyguide.com/unit-2-limit-and-continuity/ 3/16
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terms of a number which is less than @ then
the limit is said to be the left hand limit. It is
denotedas X — @ which is equivalent to

r = a — hwhereh > 0andah — 0.
Right Hand Limit — If the limit is defined in
terms of a number which is greater than @
then the limit is said to be the right hand
limit. It is denoted as T — a™ which is

equivalentto X = @ + hwhereh > 0
andh — 0.

Existence of Limit — The limit of a function

f (I ) at I = @ exists only when its left
hand limit and right hand limit exist and are

equal and have a finite value i.e. |
lim,_,,- f(z) = lim,_,,+ f(2)

https://bcastudyguide.com/unit-2-limit-and-continuity/ 4/16
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Some Common Limits —

sin x

) . ., Ltanzx
e lim = 1 e limcosx =1 e lim = 1
x—=0 T x—0 r—=0 1
. 1—-cosx . sinz” T . " —a® o
o lim —— =0 e lim = o lim — = pa™!
x—0 T x—0 T 180 r—a I — @
: '- ! ; 1 . (a® =1
o lim (14 =)™ =™k e lim(l1+x)z=¢e e lim @-1 =Ina
T—0o0 xT x—0 x—0 T
et -1 - In(142z ) 1
o lim ——=1 ohmgz e lim z= =1
x—0 i z—0 T T—0o0

Properties of Limit

https://bcastudyguide.com/unit-2-limit-and-continuity/ 5/16
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The limit of a function is represented
as f(x) reaches L as x tends to limit
a, such that; limy_ of(x) = L

The limit of the sum of two functions
is equal to the sum of their limits,
such that: limy _ 5 [f(X) + g(x)]

= limy_, 5 f(X) + limy_ 5 g(x)

The limit of any constant function is
a constant term, such that, limy,_,C
=C

e The limit of product of the constant

and function is equal to the product
of constant and the limit of the
function, such that: limy_ o m f(x) =
m limy _, 5 f(X)

Quotient Rule: limy _, o[f(x)/g(x)] =

limy _ af(X)/limy _ 2g(x); if limy_, ag(x) 2
0

https://bcastudyguide.com/unit-2-limit-and-continuit
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L’Hospital Rule —
lim %(3%
If the given limit T4 g(x) is of the

form O or % i.e. both f(I) and 9 (I) are 0

or both f (1‘) and Y (1') are OCQ, then the
limit can be solved by L’Hospital Rule.

If the limit is of the form described above,
then the L’Hospital Rule says that —

flx) _ f'(x
g(x) g'(x

lim g, lim,_.,

where f , (.I‘ ) and 9 ,(_$ ) obtained by

differentiating f (‘T ) and Y (3: )
If after differentitating, the form still exists,

then the rule can be applied continuously
until the form is changed.

« Example 1 — Evaluate

x cos (x)—sin (x)
22 sin (x)

im0

N

https://bcastudyguide.com/unit-2-limit-and-continuity/ 716
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e Solution — The limit is of the form U, Using
L’Hospital Rule and differentiating

numerator and denominator
cos (x)—ax sin (x)—cos (x)
x2 cos (x)+2x sin (x)

lim =1L
r—0 Zcos (z)+2sin (z

= lim,_,0

— sin (x)
= lim s
x—() o (I)+251n ()
N
1421

https://bcastudyguide.com/unit-2-limit-and-continuity/ 8/16
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2. Continuity —

A function is said to be continuous over a
range if it’s graph is a single unbroken
curve.

Formally,

A real valued function f (,3:) is said to be
continuous at a point © = Lo inthe

domain if —

llnlzr—)»:ro f (I‘) exists and is equal to

(o),

If a function f (,3:) is continuous at
L = Lo then-

lim,  + f(x) =1lim,_ - f(z) = lims_z, f(2)

Functions that are not continuous are said

to be discontinuous.

o Example 1 — For what value of A\ is the
function defined by

https://bcastudyguide.com/unit-2-limit-and-continuity/ 9/16



ANz? —2), ifx<0
4x+1, otherwise

) = {

continuous at £ = 0)?
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o Solution — For the function to be
continuous the left hand limit, right hand
limit and the value of the function at that
point must be equal.

Value of functionat = ()

F(0) = A% (0—2) = —2)
Right hand limit-
= lim, .o+ 4z + 1
= 1
RHL equals value of function at 0-
—22=1
R |
A=T

o Example 2 — Find all points of

discontinuity of the function f defined by

Hzx) = || = |z —1]
o Solution — The possible points of

discontinuity are £ = 0, Lsince the

https://bcastudyguide.com/unit-2-limit-and-continuity/ 11/16
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sign of the modulus changes at these
points.
For continuity at ' = 0,

https://bcastudyguide.com/unit-2-limit-and-continuity/ 12/16



Valueoff(I)atSC = 0,



FO)=0—10—1=—1

https://bcastud

Continuity — B.C.A study

Since LHL = RHL = f (0), the function is
continuous at £ = ()

For continuity at & = 1,
LHL-
= lim, ;- |2| — |z — 1

—lim, ;- 7 — (—(z — 1))
=lim,_-z+x—1

=1

RHL

= lim, 4 |2] — |2 — 1|

= lim, ,+ x — (x — 1)

lim, +z—x+1

=1
Valueoff(x)atl? = 1,
flO)=1-1-1]=1

Since LHL = RHL = f ( 1 ), the function is
continuousat T = 1

yguide.com/unit-2-limit-and-continuity/
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There are three basic types of discontinuities:

1. Removable (point) discontinuity — the graph has a hole at a single x-value. Imagine you're
walking down the road, and someone has removed a manhole cover (Careful! Don’t fall in!). This
function will satisfy condition #2 (limit exists) but fail condition #3 (limit does not equal function
value).

2. Infinite discontinuity — the function goes toward positive or negative infinity. Imagine a road
getting closer and closer to a river with no bridge to the other side

3. Jump discontinuity — the graph jumps from one place to another. Imagine a superhero going for a
walk: he reaches a dead end and, because he can, flies to another road.

Intermediate Value Theorem Statement

Intermediate value theorem states that if “f” be a continuous function over a closed interval [a, b]
with its domain having values f(a) and f(b) at the endpoints of the interval, then the function takes
any value between the values f(a) and f(b) at a point inside the interval. This theorem is explained in
two different ways:

“!’

f(b) p-———-

———————1—————

fla) e I VIR -

n e o —— —

Statement 1:

If k is a value between f(a) and f(b), i.e.

either f(a) <k <f(b) or f(a) > k > f(b)

then there exists at least a number ¢ within a to b i.e. ¢ € (a, b) in such a way that f(c) =k
Statement 2:

The set of images of function in interval [a, b], containing [f(a), f(b)] or [{(b), f(a)], i.e.
either f([a, b]) 2 [f(a), f(b)] or f([a, b]) 2 [f(b), f(a)]

Theorem Explanation:

https://bcastudyguide.com/unit-2-limit-and-continuity/ 15/16
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The statement of intermediate value theorem seems to be complicated. But it can be understood in
simpler words. Let us consider the above diagram, there is a continuous function f with endpoints a
and b, then the height of the point “a” and “b” would be “f(a)” and “f(b)".

If we pick a height k between these heights f(a) and f(b), then according to this theorem, this line
must intersect the function f at some point (say c), and this point must lie between a and b.

An intermediate value theorem, if ¢ = 0, then it is referred to as Bolzano’s theorem.

Intermediate Theorem Proof

We are going to prove the first case of the first statement of the intermediate value theorem since the
proof of the second one is similar.

We will prove this theorem by the use of completeness property of real numbers.The proof of “f(a) <
k <f(b)” is given below:

Let us assume that A is the set of all the values of x in the interval [a, b], in such a way that f(x) <k.

Here A is supposed to be a non-empty set as it has an element “a” and also A is bounded above by
the value “b”.

Thus, by completeness property, we have that, “c” be the lowest value which is greater than or equal
to each element of A. Hence, we can say that f(c) = k.

Given that f is continuous. Then let us consider a € > 0, there exists “a o > 0” such that
| f(x) —f(c) | <& for every | x—c | <d. This gives us
f(x) —e<f(c)<f(x)+¢

For each x lying within ¢ - d and ¢ + d. So, we have values of x lying between c and ¢ -9, contained in
A, such that :

fl <) +e)<(k+e) ——=(1)

Similarly, values of x between c and c + 0 that are not contained in A, such that
f(0)> (f0) - &) > (k- &) ——=(2)

Combining both the inequality relations, obtain

k-e<f(c)<k+e

For every ¢ >0

Hence, the theorem is proved.

A WordPress.com Website.
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B.C.A study

Unit-3:Differentiation

Differentiation

Differentiation allows us to find rates of change. For example, it allows us to find the rate of change of
velocity with respect to time (which is acceleration). It also allows us to find the rate of change of x
with respect to y, which on a graph of y against x is the gradient of the curve. There are a number of
simple rules which can be used to allow us to differentiate many functions easily.

If y = some function of x (in other words if y is equal to an expression containing numbers and x’s),
then the derivative of y (with respect to x) is written dy/dx, pronounced “dee y by dee x” .

Derivatives are defined as the varying rate of change of a function with respect to an independent
variable. The derivative is primarily used when there is some varying quantity, and the rate of
change is not constant

a function is denoted as y=f(x), the derivative is indicated by the following notations.

1. D(y) or DIf(x)] is called Euler’s notation.
2. dy/dx is called Leibniz’s notation.
3. F'(x) is called Lagrange’s notation.
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Differentiation Formulas List

Differentiation Formulas List

n all the formulas below, f' means

d(J;E:)) = f'(x) and ¢’ means d(%(;)) =
g’ (x) . Both f and g are the functions of x
and differentiated with respect to x. We
can also represent dy/dx = D, y. Some of

the general differentiation formulas are;

1. Power Rule: (d/dx) (x") = nx""

2. Derivative of a constant, a: (d/dx)
(@)=0

3. Derivative of a constant multiplied

4. Sum Rule: (d/dx) (fxg)=f + g’
5. Product Rule: (d/dx) (fg)=fg' + gf’

i d (fy- 9 1d
6. Quotient Rule.%(g) o
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leferentlatlon Formulas for
Trigonometric Functions

rigonometry is the concept of relation
between angles and sides of triangles.
Here, we have 6 main ratios, such as, sine,
cosine, tangent, cotangent, secant and
cosecant. You must have learned about
basic trigonometric formulas based on
these ratios. Now let us see, the formulas
for derivative of trigopnometric functions.
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1. %(sm T) = coST

2. %(cos T) =— Sinx

3. L (tan z) = sec’x

4. di(cot T = —CSC’x
L

5. %(sec r) = secxtanx

6. L (csc x) = —cscxcotx
dr

7. %(smh T) = coshx

8. L (cosh x) = sinhx
dr

9. L (tanh x) = sech’x
dr

10. L (coth ) = —csch’z

dzx
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11. == (sech ¢) = —sechxtanhx
12. = (csch )

—cschx. cothx

d
dx
a
dx

Differentiation Formulas for Inverse
Trigonometric Functions

Inverse trigonometry functions are the
inverse of trigonemetric ratios. Let us see
the formulas for derivative of

iInverse trigonometric functions.

1. L(sin"! z)= 11—33-2

2. L (cos™! ) = \/11_7
3. L(tan ' ) = e

4. L(cot™! x) = .

5. %(sec1 )= m\/lm
6. =—(csc™! x)= |a:|\/1m
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Other Differentiation Formulas
(a®) = a®lna
(e%) = €”
(loge ) = (In a)
(Inx) = 1/:1:
Sy _dy  du

ain Rule: et .

1.
2.
3.
4.
.

OE.L Ul |
= algh&l&&l&&l&

Rolle’s Theorem

Rolle’s theorem is one of the foundational theorems in differential calculus. It is a special case of, and
in fact is equivalent to, the mean value theorem , which in turn is an essential ingredient in the proof
of the fundamental theorem of calculus.

Rolle’s Theorem

Suppose f(x) be a function satisfying three conditions:
1) f(x) is continuous in the closed interval a<x <b

2) f(x) is differentiable in the open interval a <x <b

3) f(a) = f(b)

Then according to Rolle’s Theorem, there exists at least one point ‘c’ in the open interval (a, b) such
that:

£ (c)=0

A graphical demonstration of this will help our understanding; actually, you'll feel that it’s very
apparent:
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L
=

(. £(0))

(a. f(a)) (b f(B)))

Imgur

In the figure above, we can set any two points as \(a,f(a)) and \ (b,f(b)) as long as f(a)=f(b) and the
function is differentiable within the interval (a,b). Then, of course, there has to be a point in between
where '=0,which is the red point in the diagram. Now let’s take a look at the mathematical proof of
this theorem.

We divide it into two cases:
(1) f(x) is a constant function.

If f(x)f(x) is a constant function, then {'=0 for the whole interval. Then, of course, there exists a c such
that f'(c)=0 within the interval (a,b).

(2) f(x) is not a constant function.

When {(x) is not a constant function but is continuous within the interval [a,b],according to the
extreme value theorem f(x) must have a maximum function value and minimum function value
within the interval [a,b].Since f(x)is not a constant function, at least one of the extrema must exist
within the interval (a,b).
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(2)-1

If f(x) has its maximum function value f(c) at
r = c € (a,b), then for a real number h whose
absolute value is small enough thata < ¢ +

h < b, it follows that

eas ) = glel = U

Hence we have

i LEEW =1 o St h)
h—0~ h h—0+
Hence we have

h — 7 RS0+ h -
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Since f(x) is differentiable in the interval
(a, b), according to the squeeze theorem we

have

0< lim Jleth) —fle) . Ffleth)
h—0- h h—0+ h

fle+h) = f(c)

h—0 h
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a5, 2 ks et 5. Aty
(2)-2
If () has its minimum function value f(c) at
r = ¢ € (a,b), then for a real number h whose

absolute value is small enough thata < ¢ +
h < b, it follows that

flc+h)— f(c) > 0.

Hence we have

. flc+h)—f(c) . fle+h)
hlgg_ h =0, hli%l— h
D) o W@

h—0+ h
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Since f(x) is differentiable in the interval

(a,b), according to the squeeze theorem we
have

0< lim LetM) = fle) _  Sfleth)
h—0* h h—0- h
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When
f(z) =2° — 2z + 1,

show that f'(z) = 0 has at least one root in the
interval 0 < x < 2 using Rolle's theorem.

Observe that f(z) = 2% — 2z + 1 is continu-

ous in the interval |0, 2] and differentiable in

(0,2). (1)

The function values of f(x) atxz = 0,2 are

= f(0) = f(2) = L. (2)

Then from (1) and (2), it is confirmed that
Rolle's theorem can be applied. According to

Rolle's theorem, there exists a point where
f'(z) = 0in the interval (0, 2).
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Expansion of function

TAYLOR’S THEOREM

We now look at a result which allows us to compute the values of elementary
functions like sin, erp and log. This theorem can be used to approximate
these functions by polynomials (which are easy to compute) and provides
an estimate of the error involved in the approximation.

Taylor’s Theorem. Let f be an (n+ 1) times differentiable function on
an open interval containing the points a and x. Then
" ’ (n)
1@ = 1@+ f@)e-a) + e —ap 4+ LG oy + Ry2)
where o
" e) 1
R,(z) = . — a\n+
@)= mrip®=

for some number ¢ between a and x.

The function 7, defined by

()
T,(z) = ay+a)(x —a) + ay(z —a)* + ...+ a,(x —a)" where a, = w
is called the Taylor polynomial of degree n of f at a. This can be thought
of as a polynomial which approximates the function f in some interval
containing a. The error in the approximation is given by the remainder
term R,(x). If we can show R,(z) — 0 as n — oo then we get a sequence
of better and better approximations to f leading to a power series expansion

. f(n)(q
flz) = Z J(.r —a)”

n!
n=I)

which is known as the Taylor series for f. In general this series will
converge only for certain values of x determined by the radius of
convergence of the power series (see Note 17). When the Taylor polyno-
mials converge rapidly enough, they can be used to compute approximate
values of the function.

Connection with Mean Value Theorem.
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When n = 0, Taylor’s theorem reduces to the Mean Value Theorem which
is itself a consequence of Rolle's theorem. A similar approach can be used
to prove Taylor’'s theorem.

Proof of Taylor’s Theorem.
The remainder term is given by

R,(z) = f(z) - f(a) — f'(a)(z — a) -

Fix r and a. For t between x and a set

F(t) = f(@) - £t) - F(O)(z - 1) - LD (g

i = ~ @ —~IEe-tt i) t)* + f'(t)(z - )

(n+1) (n)
B e P U
s _f[n+1}(f) (z — )"

Now defining

G(t) = F(t) — (x - t)n_lp(a).

T—a
we have G(a) = 0 and G(z) = F(z) = 0. Applying Rolle’s theorem to the
function G shows that there is a ¢ between a and x with G'(¢) = 0. Now

(z —o)"

D= e = F’(c)+(n+1)mF(a)
(n<+1) c T —oc)"
= —fn—l()(r—c]“+[-n+l]ﬁ (a).

But F(a) = R, (x) and rearranging the last equation gives
£ o
(n+1)!

A useful consequence of Taylor’s theorem is the following generalization of
the second derivative test:

Rn(z) = F(a) = (z — a)"*. H
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Basic (and important) Maclaurin series
T = 1+ I2+I3+ 3 €R
e = z+ 3 = ; - (x )
) 3 o 20 [—1)".1‘2"+1
sm;r‘zr—a =i = ;W (r € R)
T2 74 = (—1)“.1"2"
cosr = 1—a+?— = 27(2")! (r € R)
(1+z)* = 14az+ o = i(a)r" (lx| < 1)
| N 21 - n=() o
where () =a(a—1)...(a— (n—1))/n! (a € R)
.'If2 3 - (_ )n+1 n
log(l+z) = r—§+§— = ; - (Jz| < 1)
T2 T3 o "
~hgil~a) = 24 S F o4 =2 (l=] <1)

Example. The Maclaurin series expansion of the exponential function is
easy to find. If f(z) = e* then f")(z) = ¢, so every f")(0) is 1, and

o0
P -
n!’

To find the values of x for which thls is valid, we need to consider the
remainder term (or use the Ratio Test alone; Note 17)

rn+1 In+1

f{n+i ] e

(n+1)! (e (n+1)!

for some ¢ between 0 and z. It follows from the Ratio Test that the series
> (" /n!) converges for any r and hence the sequence (z"/n!) converges to
0. Therefore R,(x) — 0 for every x € R, so the Maclaurin series expansion
is valid for every x

R,(x) =

https://bcastudyguide.com/unit-3-differentiation/
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Example. To find the Maclaurin series of the sine function we need to find
its derivative of order n.

= sinz f(0) 0
= COSZ f(0) 1

()
(z)
f"(x) = —sinx 7o) = ©
(z)
()

= —cosrT f70) = -1
sin r Y90 = 0

It follows that f")(0) = 0 if n is even, and alternates as 1,—1,1,—1,... for

n=13,57 ... Hence the Maclaurin series expansion is
X m z°
5111.:‘=J'—E+5—!—~-
. 2 (_1)"_1.3:” 1
o1 sinr = g Cnrl

To find values of x for which this is valid, we need to consider the remainder
term (or use the Ratio Test) which is given by

(n+ l]( )

¢
R, (z) = =——=2™",

(n+1)!
Now for each n, f("*!)(¢) is given by +sinc or £ cosc. The values of the
sine and cosine functions always lie between —1 and 1, so

n+1 n+1

— M
——— < Ru(z) < —,
(n+1)! — (]‘(u+1}!
and since "V /(n+1)! — 0, we get R, (x) — 0 by the Squeeze Rule. This
shows that the Maclaurin series expansion is valid for all x € R.

ABSTRACT

Content rfr'ji'm.fmn, ;n'm;f rif Taylor's Theorem, nth derivative test fur stationary points, Maclaurin series,

basic Maclaurin series

In this Note, we look at a Theorem which plays a key role in mathematical analysis and in many other
areas such as numerical analysis. The well-known derivative test for maxima and minima of functions is
generalised and Maclaurin Series are introduced.

Maxima and Minima from Calculus

One of the great powers of calculus is in the determination of the maximum or minimum value of a

function. Take f(x) to be a function of x. Then the value of x for which the derivative of f(x) with
respect to x is equal to zero corresponds to a maximum, a minimum or an inflexion point of the

function f(x).
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example, the height of a projectile that is fired straight up is given by the motion equation

Taking yg =0, a graph of the height y(t) is shown below

=X = 0is associated ...

Height y(t)

dt with the maximum
value of y(t)

y(t) = Vo, t - ot”

dy _ ) _
o = Voy gt =0
g

dt®

The fact that the second
derivative is negative
gaurantees that the condition

& _

corresponds to a maximum.

Time t

The derivative of a function can be geometrically interpreted as the slope of the curve of the
mathematical function y(t) plotted as a function of t. The derivative is positive when a function is
increasing toward a maximum, zero (horizontal) at the maximum, and negative just after the
maximum. The second derivative is the rate of change of the derivative, and it is negative for the
process described above since the first derivative (slope) is always getting smaller. The second
derivative is always negative for a “hump” in the function, corresponding to a maximum.

The second derivative demonstrates whether a point with zero first
derivative is a maximum, a minimum, or an inflexion point.

i
For a maximum, the
second derivative is
negative. The slope
of the curve ( first
derivative) is at first
positive, then goes
through zero to
become negative.

https://bcastudyguide.com/unit-3-differentiation/
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For a minimum, the
second derivative is
positive. The slope
of the curve = first
derivative is at first
negative, then goes
through zero to
become positive.

For an inflexion point,

the second derivative

is zero at the same

time the first derivative

is zero. It represents a
point where the curvature
is changing its sense.
Inflexion points are
relatively rare in nature.
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Example: Find the maxima and minima for:

y=5x3+2X2—3x

The derivative (slope) is:

d
dx

y= 155> + 4x - 3
Which is quadratic with zeros at:

o x=-3/5
o x=+1/3

Could they be maxima or minima? (Don’t look at the graph yet!)

The second derivative is y” = 30x + 4

At x=-3/5:y” =30(-3/5) + 4 =-14 it is less than 0, so —3/5 is a local maximum
At x=+1/3:y” =30(+1/3) + 4 = +14it is greater than 0, so +1/3 is a local Minimum

Now you can look at the graph.)

Ay

VAE

Curve Sketching

The following steps are taken in the process of curve sketching;:

1. Domain

Find the domain of the function and determine the points of discontinuity (if any).
https://bcastudyguide.com/unit-3-differentiation/ 18/30
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2. Intercepts

Determine the x— and y—-intercepts of the function, if possible. To find the x—intercept, we set y=0 and
solve the equation for x. Similarly, we set x=0 to find the y—intercept. Find the intervals where the
function has a constant sign (f(x)>0 and £f(x)<0).

3. Symmetry

Determine whether the function is even, odd, or neither, and check the periodicity of the function.
If f(-x)=f(x) for all x in the domain, then f(x) is even and symmetric about the y—axis. If f(—x)=—f(x) for
all x in the domain, then f(x) is odd and symmetric about the origin.

4. Asymptotes

Find the vertical, horizontal and oblique (slant) asymptotes of the function.

5. Intervals of Increase and Decrease

Calculate the first derivative f'(x) and find the critical points of the function. (Remember that critical
points are the points where the first derivative is zero or does not exist.) Determine the intervals
where the function is increasing and decreasing using the First Derivative Test.

6. Local Maximum and Minimum

Use the First or Second Derivative Test to classify the critical points as local maximum or local
minimum. Calculate the y—values of the local extrema points.

7. Concavity/Convexity and Points of Inflection

Using the Second Derivative Test, find the points of inflection (at which " (x)=0). Determine the
intervals where the function is convex upward (f"(x)<0) and convex downward (f"(x)>0).
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8 Graph of the Function

Sketch a graph of f(x) using all the information obtained above.

Example

https://bcastudyguide.com/unit-3-differentiation/ 20/30
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f(z) =2*(z+3).

Solution.

The function is defined for all z € IR. It has
the following x—intercepts:

flz)=0, =z*(z+3)=0,
= &1 = 0,25 = —3.

The y—intercept is equal to
f(0) =o0.

The function is positive on the intervals
(—3,0) and (0, +00) and negative on
(—o0,—3).

The function is neither even nor odd, and it

has no asymptotes.
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Take the derivative:

Find the critical points:

f'(x) =0, = 3z°+6zx =0,
= 3z (z+2) =0,
= o] = 0,29 = —2.
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We can see from the sign chart that

r = —2is a point of maximum, and x = 0
1s a point of minimum. The y—values of
these points are

We differentiate once more to get the
second derivative:

' (z) = (32" + Gw)’ — 6z + 6.

ff(z) =0, =6x+6=0,
= = —1.

The graph of the function is concave
downward on (—oo, —1) and concave
upward on (—1, +o00) . Therefore, x = —1

i1s a point of inflection. The y—coordinate
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A wr

of this point is
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<Y

Successive differentiation & Liebnitz Theorem
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1.1 Introduction

Successive Differentiation is the process of differentiating a given function successively
n times and the results of such differentiation are called successive derivatives. The
higher order differential coefficients are of utmost importance in scientific and
engineering applications.

Let f(x) be a differentiable function and let its successive derivatives be denoted by
o PO T

Common notations of higher order Derivatives of y = f(x)

1* Derivative: f'(x) ory' ory, or g or Dy

2
2" Derivative: f""(x) ory" ory, or % or D%y
n'" Derivative:  f™(x) or y™ or y, or j:.; or Dy

1.2 Calculation of nt* Derivatives

i. n' Derivative of e™*

Lety = e**
y1 = ae™
y, = a2eax
Vo i am e

ii. n'"Derivative of (ax + b)™, mis a +ve integer greater than n
Lety = (ax + b)™
y; = ma(ax +b)™?
y, = m(m — 1)a?(ax + b)™2

J.]n =m(m-1)..(m-n+1a"*(ax +b)™™

https://bcastudyguide.com/unit-3-differentiation/
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!
= g™ (ax + b)™"

iii. n'® Derivative of y = log(ax + b)
Let y =log(ax + b)
_ a

Y1 = (ax+b)
_az

Y2 = (ax+b)?
21a3

Y3 = (ax+b)3

(n-1)!a™

— {_1\n=1
= (=1 (ax+b)"
iv. n'" Derivative of y = sin(ax + b)
Let y = sin(ax + b)

y, = acos(ax + b) = asin(ax+b+g)
Vo = azcos(ax+b+§) =azsin(ax+b+27n)

Yo = a"sin(ax + b +=)
Similarly if y = cos(ax + b)
nm
Vn = a“cos(ax+b+T)

v. nth Derivative of y = e%*sin(ax + b)
Let y = e*sin(bx + c)
v, = ae*™sin(bx +c¢) + e*™b cos(bx + ¢)

= e [asin(bx + ¢) + b cos(bx + ¢)]

=e™ [ r cosa sin(bx + ¢) + r sina cos(bx + ¢)]
Putting a = r cosa, b = r sina

=e*™ rsinlbx+c+ a)

Similarly  y, = e r? sin(bx + ¢ + 2a)

y, =e*™ r" sin(bx + ¢ + na)
where r? = a? + b? and tana = -

~— R

oYy = e (a? + b?)z sin
Similarly if y = e™*cos (ax + b)
y, =e*® r* cos (bx + ¢ + na)
= e (a®+ b*)z cos (bx + c+ntan™? g)

bx +c+ ntan‘lg)
(7}
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Summary of Results

Function n'" Derivative
y = eax yn - an eax
( m!
—'a"(ax +b)*"™ ™ m>0m>n
y = (ax + b)" Gl
- 0, m>0, m< n,
Yn = n! a®, m=n
(-D)™nla™
————— m= -1
\ (ax + b)rt?
T —f_1\n-1 (n-1)!a"
y = log(ax + b) |yn=(-1) “@xtb)n
y =sin(ax + b) |y,=a" sin (ax + b+ %)
y =cos(ax +b) |y,=a" cos (ax + b + 2—”)
, n b
y=esin(bx +c¢) | y, = e (a® + b?)Z sin (bx +c+ntan~?! E)

n
y=e cos(bx + c) | y, = e** (a® + b?)2 cos (bx +c+n tan‘lg)

Example 1 Find the n'"* derivative of ————
1-5x+6x2

Solution: Let y =

1-5x+6x%
Resolving into partial fractions
= 1 B 1 v 3 2
Bl i (1-3x)(1-2x) _ 1-3x  1-2x
_ 3(=3)"(-=1)"n! 2(=2)"(-1)"n!
n— (1-3x)n+1 _ (1=2x)n+1

= 3 = () - (2]

1-3x 1-2x

https://bcastudyguide.com/unit-3-differentiation/
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1.2 LEIBNITZ'S THEOREM

If u and v are functions of x such that their nt*derivatives exist, then the n‘*derivative
of their product is given by

(UV)p = UpV + N Up_q V1 + N, Un_p Vp + o+ N Upp Uy + 00+ UDy

where u,. and v, represent r‘"derivatives of u and v respectively.

Examplell Find the n'"* derivative of x log x

Solution: Letu =logx and v = x

Thenu, = (-1)""1& nl) andu,_, = (—1)n-2&22
X

xﬂl

By Leibnitz’s theorem, we have
UV = UpV + N Up-1 V1 + N Un 2 Vo + o+ N, Unyp UV + o0+ Uy
> (xlogx ), = (-D" 12 x + (-1 2ESE 40

nl

= )"+ a(-1n e
=(1wzwakm—m+ﬂ
-2 (n—=2)
2l e
Example 12 Find the n** derivative of x%e3* sin 4x

Solution: Let u = e3* sin 4x and v = x?
OO 4
Then u,, = 3 252 sin (4x + ntan™! ;)

i 4
= e3* 5% sin (4x + ntan™1 —3—)

By Leibnitz’s theorem, we have
(UV)p = UpV + N Up_1 V1 + N Un_p UV + o+ N U U + oo+ Uy

= (x2e3x sin4x ) = x e’ 5" sin (4x + ntan™! i) +
n 3
2nxe* 5" 1 sin (4x + (n—-1)tan™? ::-) +

n(n — 1)e** 5" 2 sin (4x + (n—2)tan™! %) +0
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= g3*5" [xz sin (4x + ntan?! %) +
22 sin (4x + (n— 1 tan~'2) + 222 sin (4x + (n - 2) tan™'2)]
Example 13 If y = acos(logx) + b sin(log x), show that
XYz + @n+ Dxype +n(n+ Dy, =0
Solution:  Here y = a cos(log x) + b sin (log x)
=y, = _Tasin (log x) + Scos (logx)
=xy, = —asin(logx) + b cos(logx)
Differentiating both sides w.r.t. x , we get
XYz + Yy, = —% cos(logx) + _Tb sin(logx)
= x*y, + xy, = —{acos(logx) + b sin(logx)}
=-y
=>x%y, +xy,+y=0
Using Leibnitz’s theorem, we get
Fns2X? + Mg, Va1 2X + g, ¥, 2) + (Pnssx + Mg, Yn: 1)+y,=0
= Yn2X? + Yner 206 + (0 = Dyn + YnsaX + 0 + 90 = 0
= X Yni2 + @0+ Dxyny + (0 + 1)y, = 0
Example 14  If y = log (x + V1 + x?)
Prove that (1 4+ x?)Yp42 + 2n + 1)xyps, + 1%y, =0

Solution: vy =log(x + V1 + x2

1 1

i H_JL7(1+2W29C) = Vi
=2>1+x)y?=1

Differentiating both sides w.r.t. x, we get
(1+x*)2y,y, + 2xy, = 0

2(1+x)y, +xy, =0

A WordPress.com Website.

https://bcastudyguide.com/unit-3-differentiation/

30/30


https://wordpress.com/?ref=footer_custom_acom
https://wordpress.com/?ref=footer_custom_acom

9/21/25, 5:13 PM

B.C.A study

Unit-4:Integration

List of Integral Formulas
The list of integral formulas are

Jldx=x+C

fadx=ax+C

[xn dx = ((xn+1)/(n+1))+C ; n#1
[sinx dx=-cos x+C
fcosxdx=sinx+C

[sec2 dx =tan x + C

Jesc2 dx =-cot x + C

| sec x (tan x) dx =sec x + C
Jesex (cotx)dx=-cscx+C
J(@/x)dx=1In Ixl +C
fex dx =ex+C

Jax dx = (ax/In a) + C; a>0, a#1

Unit-4:Integration — B.C.A study

These integral formulas are equally important as differentiation formulas.

Some other important integration formulas are

[ ] & m— ; _1 5
f ﬂ_ dr—=sin" x4+ C
. f —far-—fan_ -t
|
. f% dx = sec™
|z| v 1
+ [sin"(z)dz = —sin""

[cos™ (z)dx = %CDS”‘

1_

n—1

n—1

https://bcastudyguide.com/unit-4-integration/

+C

ez

1(z) cos(z) + n—2(z)dzx
l(z)sin(z) + = r—2{x)dz

[tan"(z)dz = - -tan” —1(z) —ftan“‘z(x)d.r
[sec™(z)dz = ——sec” %(z) tan(z) + 2= : L 2(z)dx

[esc™(z)de = —csc™ %(z) cot(z) + h [esc™2(z)dz
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Derivation of Integration By Parts Formula

If u(x) and v(x) are any two differentiable functions of a single variable y. Then, by the product rule
of differentiation, we get;

d

d d
E(u(m)v(m)] = U(m)a(“(ﬂﬂ)) + “(‘E)a(ﬂ(m))

Integrating both sides with respect to x,

/ di(u(m)u(m))dm - f u'(z)v(z)dz + / u(z)v'(z)dz

£

then applying the definition of indefinite integral,

u(z)v(z) = fu’{;r)v(m)d;r + fu(m)v’(m)dm

/ u(z)v'(z)dz = u(x)v(z) — /u’(m]v(m]dm
Gives the formula for integration by parts. Since du and dv are differentials of a function of one variable z,

du = u'(z)dz dv = '(z)dz

/u[m]dv = u(z)v(z) — /v(ﬂ:}du

u’ is the derivative of u and v’ is the derivative of v.

To find the value of [vu'dx, we need to find the antiderivative of v/, present in the original integral
fuv'dx.
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Example 1: Find [ x cos x dx

: Let, The first function = f(x) = x and the
second function = g(x) = cos x. Therefore, according

to integration by parts, we have

Jxcosxdx=x[cosxdx - [ [(dx/dt) | cos x dx] dx
=xsin X - [ sin x dx

=xsin X+ cosx + C.

Let’s try the other way round. Let, the first function
= f(x) = cos x and the second function = g(x) = x.
Therefore,
[xcosxdx=cosx[xdx-[{[d(cosx)/dx] [ x} dx
= (cos X) (x%/2) + [ (sin x) (x*/2) dx

This is a really complex integral having a higher

power of x. Hence, it is necessary to select the first

and second function properly.
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Example 2: Find [ log x dx

Solution: Do you know any function whose

is log x? Guessing it is difficult. Hence,
let’s take the first function f(x) = log x. So, the
second function g(x) = 1. And, we know that | 1 dx

= x. Therefore, | g(x) dx = x. Therefore, we have,

J dogx.1)dx=1logx [ 1dx - [ {[d(log x)/dx] [ 1 dx}
dx
=xlogx- [ (1/x) xdx=xlogx - [ 1dx

=xlogx-x+C

Example 3: Find [ x e* dx

Solution: We know that, | e* dx = e*. Hence, we take
the first function = f(x) = x and the second function

= g(x) = e*. Therefore, we have,

Jxefdx=x]eXdx - [ [(dx/dx) [ e*dx] dx=x€*- |
L&~ d%

=xe*-e*+C
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Note:

o Integration by parts is not applicable for functions such as [Vx sin x dx.

o We do not add any constant while finding the integral of the second function.

o Usually, if any function is a power of x or a polynomial in X, then we take it as the first function.
However, in cases where another function is an inverse trigonometric function or logarithmic
function, then we take them as first function.

llate Rule

In integration by parts, we have learned when the product of two functions are given to us then we
apply the required formula. The integral of the two functions are taken, by considering the left term
as first function and second term as the second function. This method is called Ilate rule.

Suppose, we have to integrate x e, then we consider x as first function and ™ as the second function.
So basically, the first function is chosen in such a way that the derivative of the function could be
easily integrated. Usually, the preference order of this rule is based on some functions such as
Inverse, Algebraic, Logarithm, Trigonometric, Exponent.

The Fundamental Theorem of Calculus

The Fundamental Theorem of Calculus (FTC) shows that differentiation and integration are inverse
processes.

https://bcastudyguide.com/unit-4-integration/ 5/24
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Part 1 (FTC1)

If f is a continuous function on [a, b] , then
the function g defined by

:/f(t)dt, a<x<b

is an antiderivative of f, that is

g (@)= f(z) or — ff
- f(@).

If f happens to be a positive function, then
g () can be interpreted as the area under

the graph of f from a to .
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Area = g(x)

/(1)
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Part 2 (FTC2)

The second part of the fundamental
theorem tells us how we can calculate a

definite integral.

If f is a continuous function on [a, b] and
F'is an antiderivative of f, thatis F' = f,
then

b
/f(w)dw=F(b)—F(a)
b

or /F’ (z)dx = F (b) — F (a).

To evaluate the definite integral of a
function f from a to b, we just need to find
its antiderivative F' and compute the

difference between the values of the

https://bcastudyguide.com/unit-4-integration/ 8/24
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antiderivative at b and a.

So the second part of the fundamental theorem says that if we take a function F, first differentiate it,
and then integrate the result, we arrive back at the original function, but in the form F(b)-F(a).

Thus, the two parts of the fundamental theorem of calculus say that differentiation and integration
are inverse processes.

This is defined as the definite integral as the limit of a sum.

Properties of Definite Integral

There are some properties of definite integral which could help to evaluate the problems based on it,
easily.

fal £x) dx = 2% £1) d()

Ja” £(x) dx = — f,2 £(x) dx

Ja2 £(x) dx =0

fal £0x) dx = [ £(x) dx + J2 £(x) dx
fab f(x) dx =[5 f(a+b-x)dx

foa f(x) dx = f(a—x) dx

O O O O O ©°O

indefinite integral mean?

Answer: An indefinite integral refers to a function which takes the anti-derivative of another
function. We visually represent it as an integral symbol, a function, and after that a dx at the end.

Formulae for Indefinite Integrals

Now that we already taken care of the concept of Integration, let’s take a quick look at some of the
basic indefinite integrals formulae —

https://bcastudyguide.com/unit-4-integration/ 9/24
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n-+1
" dr = t - ¢
(n+1)

sin xdxr = —cosx 4+ ¢

cosxdxr =sinx + ¢

1
—dxr=lnx +c
T

etdr

et + ¢

— Y Y Y— —_

The Substitution Method

According to the substitution method, a given integral [ f(x) dx can be transformed into another form

by changing the independent variable x to t. This is done by substituting x = g (t).

https://bcastudyguide.com/unit-4-integration/
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Consider, I = [ f(x) dx
Now, substitute x = g(t) so that, dx/dt = g’(t) or dx = g’(t)dt.
Therefore, I = [ f(x) dx = [ f[g(t)] g'(t)dt

It is important to note here that you should make the substitution for a function whose derivative
also occurs in the integrand as shown in the following examples.
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Example 1

Integrate sin(mx) with respect to x.

: We know that the derivative of mx = m.
Hence, let’s substitute mx = t, so that mdx = dt.

Therefore,

| sin mx dx = 1/m | sin t dt
=—-1/mcost+C

=—1/mcosmx + C

Example 2

Integrate 2x sin (x? + 1) with respect to X.

Solution: We know that the derivative of (x> + 1) =
2x. Hence, let’s substitute (x*> + 1) = t, so that 2x dx =

dt. Therefore,

[ 2xsin (x* + 1) dx = [ sin t dt

——rnct 1
https://bcastudyguide.com/unit-4-integration/ 12/24
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i L LU LS I VN B

=—cos(x*+1)+C
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Substitution Method for Some
Important Integrals of
Trigonometric Functions

o Jtan x dx =log |sec x| + C

We know that tan x = sin x / cos x. Therefore,

| tan x dx = | (sin x / cos x) dx.

Now, let’s substitute cos x = t, so that sin x dx = - dt.
Therefore,

Jtanxdx=-[ (dt/t) = -log |cos x| + C

Or, | tan x dx = log [sec x| + C

e J cotxdx =log [sinx| + C

We know that cot x = cos x / sin x. Therefore,

| cotx dx = [ (cos x / sin x) dx.

Now, let’s substitute sin x = t, so that cos x dx = - dt.
Therefore,

Jeotxdx=](dt/t) =log|t| + C =log |sin x| + C

https://bcastudyguide.com/unit-4-integration/ 14/24
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Different Forms Integration by Partial Fractions

Let’s say that we want to evaluate [ [P(x)/Q(x)] dx, where P(x)/Q(x) is a proper rational fraction. In
such cases, it is possible to write the integrand as a sum of simpler rational functions by using partial
fraction decomposition. Post this, integration can be carried out easily. The following image indicates
some simple partial fractions which can be associated with various rational functions:

leiintegration by partial fractions

Please note that A, B, and C are real numbers and their values should be determined suitably.

https://bcastudyguide.com/unit-4-integration/ 15/24



9/21/25, 5:13 PM Unit-4:Integration — B.C.A study

Question 1: Find [ dx/[(x + 1) (X + 2)]

Answer : The integrand is a proper
function. Therefore, by using the form of partial

fraction from the image above, we have:

1/[x+1)(x+2)|]=A/(x+1)+B/(x+2)...(1)

Solving this equation, we get,
Ax+2)+B(x+1)=1
Or, Ax+2A +Bx+ B =1
XxX(A+B)+(2A+B)=1

For LHS to be equal to RHS, we have
A + B=0and 2A + B = 1. On solving these two
equations, we get

A=1land B=-1.

Therefore, we have
1/[(x+1) x+2)]=1/(x+1)-1/(x+2)
Hence, [ dx/[(x+1) x+2)]=[dx/(x+1) -] dx/
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(x+2)
=log|x+ 1| -log|x+2|+C

Note: Equation (1) is true for all permissible values of x. Some authors use the symbol ‘=" to indicate
that the statement is an identity and use the symbol =" to indicate that the statement is an equation,
i.e., to indicate that the statement is true only for certain values of x.

https://bcastudyguide.com/unit-4-integration/ 17124



Question 2: Find [ [(x* + 1) / (x* - 5x + 6)] dx

Answer : In this case, the integrand is NOT a proper
rational function. Hence we divide (x> + 1) by (x? -
5X + 6) and get,

(x> +1)/ (x*-5x+6)=1+(5x-5)/ (x> = 5X + 6)
=1+(05Bx-5)/(x-2)(x-3)

Now, let’s look at the second half of the above

equation and let
(5x-5)/(x-2) (x-3)=A/(x-2)+B/(x-3)

On solving it, we get
5x-5=A(x-3)+B(x-2)=Ax-3A+Bx-2B=
x (A +B)-(3A +2B)

Comparing the coefficients of the x term and
constants, we get

A + B =5and 3A + 2B = 5. Further, on solving these
two equations, we get

A =-5and B = 10.
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Hence, we have
(x*+1)/(x*-5x+6)=1-5/(x=-2)+ 10/ (x - 3)
Therefore, [ [(x* + 1)/ (x> -5x+6)] dx=[dx -5 |
1/(x-2)+10J1/(x-23)

=x - 5log |x - 2| + 10log |x - 3| + C

https://bcastudyguide.com/unit-4-integration/ 19/24
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3.1 INTRODUCTION

In the first two units of this block we have introduced the concept of a definite integral and -
have obtained the values of integrals of some standard forms. We have also studied two
important methods of evaluating integrals, namely, the method of substitution and the method
of integration by parts. In the solution of many physical or engineering problems, we have to
integrate some integrands involving powers or products of trigonometric functions. In this
unit we shall devise a quicker method for evaluating these integrals.We shall consider some
standard forms of integrands one by one, and derive formulas to integrate them.

The integrands which we will discuss here have one thing in common. They depend upon an
integer parameter. By using the method of integration by parts we shall try to express such an
integral in terms of another similar integral with a lower value of the parameter. You will see that
by the repeated use of this technique, we shall be able to evaluate the given integral.

Objectives

After reading this unit you should be able to derive and apply the reduction formulas for
® . x"e*dx

Py sin“xdx.J. cos”x dx J- tan" xdx, etc.

® sin™ x cos" xdx
° I e sin" x dx

PY I sinh " xdx, I cosh " xdx

3.2 REDUCTION FORMULA

Sometimes the integrand is not only a function of the independent variable, but also depends
upon a number n (usually an integer). For example, in I sin” xdx, the integrand sin"x depends
on X and n. Similarly, in _[ e* cosmx dx, the integrand e* cosmx depends on x and m. The
numbers n and m in these two examples are called parameters. We shall discuss only integer

parameter here.
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Integral Caleulus

forn=1

{ sin" xdx = [ sinx dx

-cosx + ¢

Unit-4:Integration — B.C.A study

3.3.1 Reduction Formulas for Isin“x dx and I cos" x dx

In this sub-section we will consider integrands which are powers of either sinx or cosx. Let's

take a power of sinx first. For evaluating I sin" xdx, we write

1" = I sin"xdx = J.sin""| x sin xdx, if n>1,

Taking sin™'x as the first function and sin x as the second and integrating by parts, we get

I, = = sin""xcosx = (n-1) Isin"":cou (-cosx) dx

n-2

= - sin"! xcosx + (n~1) J' sin"?x cos? x dx

=l

= - sin"" xcosx + (n-1) [ jsin“'z x (1 -sin? x) dx

* =~ sin™ xcoax + (n-~1) [J' sin™2x dx - J' sin” x) dx]

= - sin" xcosx + (n-1) a2 -1,]

Hence,
I, +(n=1)1, = -sin"" x cosx + (n = )1,,

Thatis, nl, = -sin"" x cosx + (n=1)1,_, Or

-sin""' x cosx n-1
+
n n

This is the reduction formula for | sin” xdx (valid for n 2 2).

In - In-ﬁ

Example 2 We will now use the reduction formula for J- sin" xdx tg evaluate the definite

L1
integral, J , " *xdx. We first obscnéc that

n/
12 - rin ™! - 3
Iu sin“xdx=-sm X COS X ] R n-1 I sin"? x dx
n n 0
e ni2
= “_nl sin"? xdx, n 2 2.
w/2 4 pn/2
Thus, .L sinsxdx= ;Jﬂ' sin’xdx
/2
= . . E sin xdx
5 3 Jo n/2
8
—— (—cosx
L]
8
15

Let us now derive the reduction formula for I cos"xdx. Again let us write
I, = _[cos" xdx = _[ cos"! xcosxdx, n > 1.

Integrating this integral by parts we get

I, = j cos"! x sinx - I (n-1)cos" ?x (- sin x). sin xdx

2

= cos"! xsinx+ (n-1) j cos" 2 x sin® xdx

= cos"™ xsin x + (n—1) J‘c{:os"'2 x(1 —cos? x)dx

= cos"' xsinx + (n-1) (I,., - 1,)

https://bcastudyguide.com/unit-4-integration/
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By rearranging the terms we get Reduction Jrormuias

cos" ! xsinx n-1
—_—

I, =-Icos"xdx= | P

This formula is valid for n 2 2, What happens when n=0or 1? You will agree that the integral
in each case is easy to evaluate.
As we have observed in Example 2,

n/2 . n_l 12 e
L sin"xdx = — J: sin"2 xdx, n 22.
n

Using this formula repreatedly we get

o _ ' )
E—.n—a.n D e ‘—‘-3 J“ sin xdx, if n is an odd number, n> 3.
/2 n n-2 n-4 53 J
J.u sin"xdx = ’
s o - f
n_l.n 3.“ S il I dx, if n is an even number, n2 2.
n n-2 n-4 4 2 N
This means
ot . St S 2.2 itnisodd, and n 2 3
ni2 W n n-2 5 3
I sin "xdx =
n——].n—3 ........ }—.li,ifniSevenn22
n n-2 4 2 2

- S a-s A=l if nis odd, n 2 3
al2 v i 3 5 n-2 n
I sin " xdx =
L — -1 % if nis even, n 2 2
2 4 n
/2
Arguing similarly for r cos” xdx we get
0
I — 2! fnisodd andn 23
®/2 2 35 n
L cos”xdx =r sin® x dx =
0 -
l —3'- ......... n—.i if niseven,n = 2
2 4 n 2

We are leaving the proof of this formula to you as an exercise See E1)

E El) Prove that

. S Bl it ivodd, w3
x/2 3 5
I cos"xdx =
0 1 3 n-1 =n . .
—_— ..—, if n is even, n = 2
2 4 n 2

Gamma and Beta functions

Definition.

For x positive we define the Gamma function by

This integral cannot be easily evaluated in general, therefore we first look at the Gamma function at

two important points. We start with x = 1:
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Now we look at the value at x =1/2:

The last integral cannot be evaluated using antiderivative . However, this particular definite integral
is very important (for instance in probability), so people eventually found a trick to find its value.

To find the value of the Gamma function at other points we deduce an interesting identity using
integration by part:

The limit is evaluated using I'Hospital’s rule several times. We see that for x positive we have

If we apply this to a positive integer 1, we get

So we see that the Gamma function is a generalization of the factorial function. It is possible to show
that the limit of the Gamma function at 0 from the right is infinity, the graph looks like this:

Since at integer points, the value of the Gamma function is given by the factorial, it follows that the
Gamma function grows to infinity even faster than exponentials.

Definition.
For x,y positive we define the Beta function by

Using the substitution u =1 —t it is easy to see that

To evaluate the Beta function we usually use the Gamma function. To find their relationship, one has
to do a rather complicated calculation involving change of variables (from rectangular into tricky
polar) in a double integral. This is beyond the scope of this section, but we include the calculation for
the sake of completeness:

Thus
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B.C.A study

Unit-5 :Vector alegbra

Introduction to Vectors

le.A->B

DEFINITION: Vectors were developed to provide a compact way of dealing with multidimensional
situations without writing every bit of information. Vectors are quantities that have magnitude and
direction, they can be denoted in three ways: in bold (r), underlined (r) or .

The position point of a vector is defined using Cartesian co-ordinates: it uses the coordinates of the
OX, OY and OZ axes where O is the origin. We will be looking at vectors in 3 dimensional space in
Cartesian coordinates. Similar ideas hold for vectors in n dimensional space (n-vectors).

wugraphl

Addition and Subtraction of vectors

DEFINITION: We will look at two laws involving addition and subtraction; The commutative law
and the Associative law.

The commutative law:

Addition and subtraction of vectors obeys the commutative law,

le.matixA
le.matixA

This means that:

le.matixA
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In terms of the following components

lw.componentsl

For addition:

ls.components?2

For subtraction:

lw.components3

The Associative law:

This uses different routes to get to the same final desination

wagraph2
w.graph?2

In terms of the following components:

lw.components4

lw.componentsb

The length and unit vector of a vector

The length of a vector :

DEFINITION: For any vector like this one

leocomponents

The length of a (which is denoted by lal) is given by:

lFaa
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The unit vector of a vector

DEFINITION: A unit vector is a vector with unit length 1. By standard convention we let i, j and k be
unit vectors along the positive X, y and z axes, so in terms of components:

lFaa

Scalar multiplication of vectors

DEFINITION: This involves the multiplying of a vector by a scalar, i.e. a number.
In terms of the following components:

l.components
le.components

Scalar multiplication will change the length of the vector and if the factor A is negative the vector will
point to the opposite direction. Scalar multiplication satisfies the following properties where a and b
are vectors, A and u and are scalars.

l.components

Scalar product

Let us take two vectors.

l=.Vectors

Then the scalar product of a and b, denoted by a.b is

lw.scalar product

Setting these equal to each other gives

lw.vector product
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The angle between two vectors

Using the two above formulae and setting them equal to each other as shown below we are able to
calculate the angle between two vectors.

lFaa

Vector Product

DEFINITION: The vector product is fundamentally different from the scalar product. The vector
product of two vectors is a vector but the scalar product is a scalar. The vector product is given by:

lraa

where

lal is the length of a

0 is the angle between vectors

n is the unit vector perpendicular to a and b whose direction is determined by the left hand skew
rule.

lFaa

For vectors a x b is found by using the following:

lraa

For simplicity this can be written in terms of determinants.

lFaa

Scalar Triple Product

By the name itself, it is evident that scalar triple product of vectors means the product of three

vectors. It means taking the dot product of one of the vectors with the cross product of the remaining

two. It is denoted as
[abc]=(axDb).c
The following conclusions can be drawn, by looking into the above formula:

i) The resultant is always a scalar quantity.
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ii) Cross product of the vectors is calculated first followed by the dot product which gives the scalar
triple product.

iii) Talking about the physical significance of scalar triple product formula it represents the volume of
the parallelepiped whose three co-terminous edges represent the three vectors a,b and c. The
following figure will make this point more clear.

According to this figure, the three vectors are represented by the coterminous edges as shown. The
cross product of vectors aand b gives the area of the base and also the direction of the cross product
of vectors is perpendicular to both the vectors.As volume is the product of area and height, the height
in this case is given by the component of vector c along the direction of cross product of aand b . The
component is given by ¢ cos o .

Thus, we can conclude that for a Parallelepiped, if the coterminous edges are denoted by three
vectors and a,b and ¢ then,

Volume of parallelepiped =(axb) ccosa= (axb).c
Where « is the angle between (axb) and.c

We are familiar with the expansion of cross product of vectors. Keeping that in mind, if it is given
that a = ali"+a2j*+a3k", b = b1i"+b2j*+b3k”" , and ¢ = cli*+c2j"+c3k” then,we can express the above
equation as,

https://bcastudyguide.com/unit-5-vector-alegbra/ 5/8



9/21/25, 5:13 PM Unit-5 :Vector alegbra — B.C.A study

— A ~ ~
-

(A B
(axb).c=|a; ay a3|-(
by by b3

Clg +C23+6323)

This indicates the dot product of two
vectors. Using properties of determinants,
we can expand the above equation as,

(axb).c=
i.(c1i +cog +csk) j.(cii+ca) +
ai an
by by
According to the dot product of vector
properties,

~ ~ ~ ~ ~
. - .

1.1 =7.j=k.k=1( Ascos0=1)
> %.(cﬁ—l—cﬁ—i—cﬂ%):

C1
= _} (Cl’z + C23 + C3i3) =
C2
ok (c1i 4 caj+ c3k) =
C3
= (axb).c=
C1 C) C3
a; az as
by by b3
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ciT Cy C3
[abcl=|a; ay a3
by by b3
Properties of Scalar Triple
Product:
i) If the vectors are cyclically
permuted,then

(axb).c=a.(bxc)
ii) The product is cyclic in nature, i.e,
[abc]=[bca]=[cab]==-[ba
cl]=-[cba]=-[achb]
Exampleﬁ:Three vectors are given by,a =
i-j+k,b=2i+j+k ,andc=
1+ 7-2k.
By using the scalar triple product of

vectors, verify that[abec]=[bca]=-]
acb]

Solution:First of all letusfind[ab ¢ ].
[abc]=(axb).c

i C2 C3
Weknow[abcl=|a; a2 a3
by by b3
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1 1 =2
= [abc]= 1 —1 1
1 1

> [abce]=-7

Now let us evaluate[bca]and[a cb]

similarly,
ap az as
> [becal={b; by b3|=-7
Ci C C3

> [acbl=|a; ay a3|=7

Hence it can be seenthat[abc]=[bca
=-[achb]

Try to recall the properties of determinants since the concept of determinant helps in solving these
types of problems easily.

iii) If the triple product of vectors is zero, then it can be inferred that the vectors are coplanar in
nature.

The triple product indicates the volume of a parallelepiped. If it is zero, then such a case could only
arise when any one of the three vectors is of zero magnitude. The direction of the cross product

of a and b is perpendicular to the plane which contains a and b. The dot product of the resultant
with ¢ will only be zero if the vector c also lies in the same plane. This is because the angle between
the resultant and C will be 900 and cos 90e..

Thus, by the use of the scalar triple product, we can easily find out the volume of a given
parallelepiped
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